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Gain equation for a free-electron laser with a helical wiggler and ion-channel guiding
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The theory of ion-channel guiding in a helical wiggler is presented. Electron motion in the combined ion
electrostatic and wiggler magnetostatic fields is analyzed in the absence of the radiation field. TheF function
that determines the rate of change of axial velocity with energy is derived and studied numerically. A detailed
analysis of the pendulum equation and the gain equation in the low-gain-per-pass limit are presented. It is
shown that the gain for stable group I orbits is positive, while for group II orbits the gain is negative in the
negative mass regime and positive in the positive mass regime.
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I. INTRODUCTION

A relativistic electron beam can be effectively confined
the transverse direction by use of an ion channel. Firs
plasma channel must be created, e.g., by the passage
uv-laser beam through a gas. The electron beam may the
injected into the plasma channel to remove the plasma e
trons by electrostatic repulsion. With an ion channel there
formed, the beam electrons are electrostatically attracte
and confined transversely by the positive ions. The i
channel radius should be of the order of the electron-be
radius and the ion density should be less than the elec
density.

The use of ion-channel guiding in a free-electron la
~FEL! offers a number of advantages. It is a less expens
alternative to quadrapole or solenoidal magnetic guiding
cause of lower capital and operating costs@1#. Also, it per-
mits beam currents higher than the vacuum limit@2#. A seri-
ous obstacle to intense electron beam transport w
magnetic guiding is the transverse beam breakup instab
This instability may be effectively suppressed by ion-chan
guiding @3#. Emittance growth due to scattering may also
suppressed@4#. Substantial gain enhancement may be o
tained by operating with the ion-channel frequency near
wiggler frequency@5#. In a recent paper, Jha, Kumar, an
Pande@6# have proposed that an FEL be operated at
ion-channel betatron frequency. This would offer the adv
tage of continuous tuning by varying the ion-channel dens

The purpose of the present paper is to extend the ana
of electron motion in a helical wiggler with ion-chann
guiding and to derive the gain formula in the low-gain-pe
pass limit. A modification of the method of Jha and Kum
@5# is employed. In Sec. II theF function that determines th
rate of change of axial velocity with energy is investigate
Positive- and negative-mass regimes are identified and i
trated. In Sec. III the interaction of an electron with the
diation field is studied and a gain formula and pendul
equation are derived. In Sec. IV the results of a numer
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study of the gain are presented. It is shown that the gain
the negative-mass regime is negative according to the sig
F. In Sec. V a discussion and conclusions are presented

II. F FUNCTION AND MASS REGIMES

In the idealized one-dimensional approximation, a heli
wiggler magnetic field may be described by

Bw5Bw~ êx coskwz1êy sinkwz!, ~1!

wherekw[2p/lw is the wiggler wave number. The electro
static field generated by an ion channel, with its axis coin
dent with the wiggler~z! axis, may be written as

Ei52peni~ êxx1êyy!, ~2!

whereni is the density of positive ions with chargee. The
relativistic equation of motion for an electron with~rest!
massm and charge2e moving with velocityv in these com-
bined fields is

d~gmv!

dt
52eS Ei1

1

c
v3BwD . ~3!

Substituting Eqs.~1! and ~2! into Eq. ~3! leads to

d~gmvx!

dt
522pe2nix1

evzBw

c
sinkwz, ~4!

d~gmvy!

dt
522pe2niy2

evzBw

c
coskwz, ~5!

d~gmvz!

dt
52

eBw

c
~vz sinkwz2vy coskwz!. ~6!

Steady-state solutions of Eqs.~4!–~6! with constant axial ve-
locity vz5v i ~to first order in the wiggler amplitude! have
been found to be@5#
©2001 The American Physical Society01-1
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bx5
V̄wb i

2

v̄ i
22b i

2 coskwz, ~7!

by5
V̄wb i

2

v̄ i
22b i

2 sinkwz, ~8!

where V̄w[eBw /gmc2kw , v̄ i
2[2pe2ni /gmkw

2 c2, bx

[vx /c, by[vy /c, andb i[v i /c.
TheF function that determines the rate of change of ax

velocity with energy may be obtained as follows. Substit
ing Eqs. ~7! and ~8! into g22512bx

22by
22bz

2(bz5b i)
yields

b i
2F11

V̄w
2 b i

2

~v̄ i
22b i

2!2G512g22. ~9!

Implicit differentiation of Eq.~9! then leads to

db i

dg
5

1

gg i
2b i

F, ~10!

whereg i[(12b i
2)21/2 and

F512
~11g i

2!V̄w
2 v̄ i

2b i
2

~v̄ i
22b i

2!312V̄w
2 v̄ i

2b i
2

. ~11!

Numerical solutions of Eqs.~9! and ~11! are illustrated in
Figs. 1 and 2, respectively, for a beam of electrons withg

510 ~energy of 3.382 MeV! andV̄w50.05.
Figure 1 showsb i as a function of the normalized ion

channel frequencyv̄ i for group I orbits and group II orbits
Group I corresponds to the conditionv̄ i,b i and group II
corresponds to the conditionv̄ i.b i . The dashed line indi-
cates unstable group I trajectories. The transition to orb
instability occurs at

FIG. 1. Graph of the normalized axial velocity as a function
the normalized ion-channel frequency. The dashed line indicate
unstable group I orbits.
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v̄ i5~S11T11b i
2!1/2, ~12!

where

S15@V̄w
2 b i

4~A8V̄w
2 /27b i

21121!#1/3, ~13!

and

T152@V̄w
2 b i

4~A8V̄w
2 /27b i

21111!#1/3. ~14!

The numerical value ofṽ i at which transition to instability
occurs is 0.8660~for g510 andV̄w50.05!.

Figure 2 showsF as a function ofv̄ i for group I orbits
~stable branch!, and group II orbits. It is observed that fo
group I orbitsF increases monotonically from unity atv̄ i
50, and exhibits a singularity at the transition to orbital i
stability @Eq. ~12!#. The behavior ofF for group II orbits is
interesting because it is negative whenever

0,v̄ i,~S21T2b i
2!1/2, ~15!

where

S25F V̄w
2 g i

2b i
6

2
~A124V̄w

2 g i
2/2711!G1/3

, ~16!

and

T252F V̄w
2 g i

2b i
6

2
~A124V̄w

2 g i
2/2721!G1/3

. ~17!

The negativeF implies the existence of a negative-mass
gime in which the axial velocity will increase with decrea
ing energy. The numerical value ofv̄ i for group II orbits at
which F goes to zero can be computed with the aid of E
~9! and~15! and is found to be 1.2662 for parameters used
the figures. Forv̄ i.1.2662, F is positive ~positive-mass
regime!.

f
he FIG. 2. Graph ofF as a function of the normalized ion-chann
frequency for the stable branch of group I orbits and group II orb
1-2



ig

e

a

d

f
ua-

eam
t of

er-
.

-

f a

GAIN EQUATION FOR A FREE-ELECTRON LASER . . . PHYSICAL REVIEW E 65 016501
III. ELECTRON IN RADIATION FIELD

The electric and magnetic fields of the radiation in a w
gler may be represented by

Er5Er~ êx cosj2êy sinj!, ~18!

Br5Er~ êx sinj1êy cosj!, ~19!

where

j[krz2v r t1f; ~20!

kr is the wave number,v r is the frequency, andf is a phase
constant. The equation of electron motion~3! in the presence
of a radiation field can be written in the form

d~gmnx!

dt
522pnie

2x1
enzBw

c
sinkwz

2eEr~12bz!cosj, ~21!

d~gmny!

dt
522pnie

2y2
enzBw

c
coskwz1eEr~12bz!sinj,

~22!

d~gmnz!

dt
5

eBw

c
~vy coskwz2nx sinkwz!

1
eEr

c
~vy sinj2nx cosj!. ~23!

For solution of these equations, we consider that forbz close
to 1(g@1), the last terms in Eqs.~21! and~22! that are due
to the electromagnetic radiation field can be neglected
comparison with others. Thus forbz close to 1, the Eqs.~21!
and ~22! are the same as Eqs.~4! and ~5!, respectively.
Therefore the transverse electron velocities in the presenc
a radiation field are given by Eqs.~7! and ~8! as well.

An expression for the axial velocity can be obtained
follows. Substituting Eqs.~7! and ~8! into g22512bx

2

2by
22bz

2 leads to

bz5H 12g22F11
aw

2 b i
4

~v̄ i
22b i

2!G J
1/2

, ~24!

where

aw[gV̄w5eBw /mc2kw . ~25!

Expanding Eq.~24! for bz close to 1 (g@1) yields

bz>12
g22

2 F11
aw

2 b i
4

~v̄ i
22b i

2!2G . ~26!

This is the normalized axial velocity (vz /c) in presence of
the radiation field.

The energy exchange between an electron and the ra
tion field is given by

ġ52~e/mc!b•Er . ~27!
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Substituting Eqs.~7!, ~8!, and~18! into Eq. ~27! yields

ġ52
eEr

mc

V̄wb i
2

~v̄ i
22b i

2!
cos~kwz1j!. ~28!

Using a first-order approximation forz, z5v it5cb it, Eq.
~28! may be written in the form

ġ52
eEr

mc

V̄wb i
2

~v̄ i
22b i

2!
cos~Vt1j!, ~29!

whereV[(kr1kw)v i2v r .
The phasef in Eq. ~29! determines the initial position o

the electron relative to the optical wave. Averaging this eq
tion over all phases yieldŝġ&f50; therefore, to first order
there is no net transfer of energy between the electron b
and optical wave. The second-order correction will consis
accounting for the fact that as an individual electron~with
phasef! gains or loses energy, its position relative to unp
turbed position (z5v it5cb it) is advanced or retarded
Therefore, the unperturbed position,z5cb it, must be re-
placed by

z5cb it1cE
0

t

Dbz~ t8!dt8, ~30!

whereDbz(t)5*0
t ḃz(t8)dt8 is the change ofbz relative to

the unperturbed condition.
Differentiating Eq.~26! with respect to time and eliminat

ing ġ by use of Eq.~29! then yields

ḃz52
eEr

mcg4

awb i
2

~v̄ i
22b i

2! F12
aw

2 b i
4

~v̄ i
22b i

2!3Gcos~Vt1f!.

~31!

This equation may be substituted into Eq.~30! to obtain

z~ t !5cb it1
cD

V
@cos~Vt1f!2cosf1Vt sinf#,

~32!

where

D5
eEr

mcg3

V̄wb i
2

~v̄ i
22b i

2!V F12
aw

2 b i
6

~v̄ i
22b i

2!3G . ~33!

The substitution of Eq.~32! into Eq. ~28! yields

ġ52
eEr

mc

V̄wb i
2

~v̄ i
22b i

2!
cosH ~Vt1f!1

~vw1v r !D

V

3@cos~Vt1f!2cosf1Vt sinf#J , ~34!

wherevw[ckw andv r[ckr . A comparison of Eq.~34! to
Eq. ~29! reveals that the perturbed condition consists o
phase slippage
1-3
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Df5
~vw1v r !

V
@cos~Vt1f!2cosf1Vt sinf#.

~35!

Since D is proportional tog23 and Er , Df can be made
arbitrarily small. Therefore, expanding the cosine term of E
~34! for Df!p leads to

ġ52
eEr

mc

V̄wb i
2

~v̄ i
22b i

2!
H cos~Vt1f!2sin~Vt1f!

3
~vw1v r !D

V
@cos~Vt1f!2cosf1Vt sinf#J .

~36!

Averaging over phasef yields

^ġ&f5
eErV̄wb i

2~vw1v r !D

2mc~v̄ i
22b i

2!V
~Vt cosVt2sinVt !.

~37!

Integrating the above equation over the electron transit t
through the wiggler, the average change ing per electron
becomes

^Dg&f5E
0

T5L/v i

^ġ&fdt5

2
eEr

2mc

V̄wb i
2~vw1v r !DT3V

~v̄ i
22b i

2!
g~VT!, ~38!

whereL is the FEL interaction length and

g~VT![
222 cosVT2VT sinVT

V3T3 . ~39!

The change of electromagnetic power in one transit is

DP52
I

e
mc2^Dg&f , ~40!

where I 5enbv i area is the average electron beam curr
andnb is the density of the electron beam. Finally by usi
Eq. ~38! under the assumption that the electrons are n
resonance with the wave,@i.e., V5(kr1kw)cb i→v r>0#,
the gain equation becomes

G5
DP

P
5

4pe2nbL3vw

m~gcb i!
3

aw
2 b i

4

~v̄ i
22b i

2!2 F~v̄ i !g~VT!,

~41!

whereP[c(1/8p)(Er
21Br

2) area5c(Er
2/4p) area is the em

power, and

F~v̄ i ![12
aw

2 v̄ i
2b i

4

~v̄ i
22b i

2!31aw
2 b i

4~v̄ i
22b i

2!
. ~42!

Equation~41! is the gain equation for a free-electron las
with helical wiggler and ion-channel guiding in the low
01650
.
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t
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gain-per-pass limit. As it will be shown in Sec. IV, the exi
tence of negative gain in the negative-mass regime is a
result that has not been previously reported for this type
free-electron laser.

The pondermotive phase or electron phase is defined

z[~kr1kw!z2v r t. ~43!

Differentiating Eq.~43! twice with respect to time, eliminat
ing ḃz by differentiating Eq.~26! with respect to time, and
then using the exact form ofġ @Eq. ~28!# leads to

z̈52K2 cos~j1f!, ~44!

where

K25~kr1kw!
eEr

mg4

awb i
2

~v̄ i
22b i

2! F12
aw

2 b i
6

~v̄ i
22b i

2!3G . ~45!

Equation~44! is the self-consistent pendulum equation th
describes electron-photon interaction in a free-electron la
with helical wiggler and ion-channel guiding.

IV. NUMERICAL STUDY OF GAIN

If the normalized ion-channel frequencyv̄ i is set equal to
zero, Eq.~41! reduces to

G05
4pe2nbL3vwaw

2

m~gcb i!
3 g~VT!, ~46!

which is the gain equation for a helical wiggler FEL witho
an ion channel.

Figure 3 showsD[G/G0 , the ratio of gain with ion
channel to gain without ion channel, as a function ofv̄ i for
b i[v i /c close to 1 (b i.0.95). For group I orbits, the gain
ratio D increases monotonically from unity atv̄ i50 and be-
comes large~187! at the orbital instability,v̄ i50.866. There-
fore, gain enhancement is obtained relative to absence o
ion-channel guiding. For group II orbits ifv̄ i,1.027, then
b i,0.95, and the condition ofb i close to 1~our condition or
assumption for deviation of the gain equation! breaks down.
The behavior of gain ratioD for this group is interesting
because it is negative whenF(v̄ i) is negative. The gain ratio
D is equal to2182 at v̄ i51.027, and goes to zero whe
F(v̄ i)50 at v̄ i51.266. Forv̄ i.1.266 the gain ratioD be-
comes positive, goes to its maximum that is less than 1,
then starts decreasing to zero with increasingv̄ i . As men-
tioned in Sec. II for group II orbits, the functionF @Eq. ~11!#
is negative whenv̄ i,1.266, and then becomes positiv
when v̄ i.1.266. Consequently the gain ratioD is negative
whenF is negative and is positive whenF is positive.

Numerical consideration shows that ifb i goes to 1, then
F(v̄ i) @Eq. ~39!# goes toF @Eq. ~11!#. Therefore, with good
approximation forb i close to 1,F(v̄ i) can be replaced byF
in Eq. ~41! to obtain

G5
4pe2nbL3vw

m~gcb i!
3

aw
2 b i

4

~v̄ i
22b i

2!2 Fg~VT!. ~47!
1-4
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Figure 4 shows the graphs of the absolute gain ratio, us
Eqs.~41! and~47!, for comparison. As this figure shows th
graphs are the same as each other except near the pea
which b i50.95. This is expected becauseb i50.95 is not
very close to 1. The gain equation~47! is valid in the low-
gain-per-pass limit withb i close to 1 (g@1), and is propor-
tional to theF function in presence of an ion channel just
it is in the presence of an axial magnetic field@7#. Therefore,
the gain is positive for positive-mass regime, (F.0), zero
for zero-mass regime (F50), and negative for negative
mass regime.

V. DISCUSSION AND CONCLUSIONS

The first successful test of ion-channel guiding was
ported by Caporasoet al. in 1986 @8#. This technique was

FIG. 3. ~a! Graph of the absolute value of the gain ratio as
function of the normalized ion-channel frequency forb i.0.95. The
dotted line indicates the negative part of the gain ratio for grou
orbits.~b! Graph of a small region of the gain ratio in linear scale
a function of the normalized ion-channel frequency forb i.0.95.
The dotted line indicates the negative part of the gain ratio
group II orbits.
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employed to transport a 10 kA electron beam through
advanced test accelerator. Preliminary free-electron laser
periments using an ion channel were carried out in 1989
Ozaki et al. with only modest success. Their more rece
experiment, carried out after extending the wiggler and
configuring the rf input, showed vast improvement in FE
performance@9#.

Simulation studies of ion-channel guiding have provid
an alternative to experimental testing. Ozakiet al. have de-
veloped a three-dimensional~3D! FEL simulation incorpo-
rating realistic beam transport effects. Yu, Sessler, and W
tum @10# have reported that the use of ion-channel guid
together with beam conditioning greatly enhances FEL g
in the VUV and soft x-ray range. Their paper includes t
results of 3D simulation for a 30-Å example that exhibits
order of magnitude increase in gain. Simulation studies
Jha and Wurtele@11# have also shown that significant ga
enhancement can be obtained using ion-channel guid
Their 3D simulation code includes space-charge effects
are important in low-energy electron beams.

Recently Chen, Liu, and Xie@12# have used particle mod
eling to study the setting up of an ion channel, its transi
properties, and the factors affecting its performance. Th
paper presents results of value for the development of
ion-channel FEL. If the beam electron density is smaller th
the plasma density, there will be excess plasma electr
inside the channel that will cause the beam to be unsta
Their calculations show that oscillations of the ions and
the electron beam itself can exist. Under proper conditio
however, a pure ion channel with no oscillations can be
tablished. It is very important to employ a high quality ele
tron beam and to properly control the configuration of t
ion channel.

On the basis of the experimental and simulation stud
that have previously been carried out, we conclude that i

II
s

r

FIG. 4. Graphs of the absolute value of the gain ratio a
function of the normalized ion-channel frequency by using E
~41! and ~47! for b i.0.95. The solid lines indicate the absolu
value of the gain ratio by using Eq.~41!, and the symbol lines
~triangles! indicate the absolute value of the gain ratio by using E
~47!. As this figure shows, the two graphs are the same except a
peaks.
1-5
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channel guiding is a viable alternative to the use
magnetic-field guiding in an FEL. It has a unique set
advantages as discussed in Sec. I. The spread in longitu
velocity of the electron beam is detrimental to FEL perfo
mance. Also, limitations may be imposed by both electr
hose and ion-hose instabilities. Beam conditioning, altho
somewhat challenging, appears to be a method by wh
performance can be improved.
.

, B

. G
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Jha and Kumar@5# have derived a simple analytical for
mula for the gain in a FEL with helical wiggler and ion
channel guiding. Their analysis predicts a substantial
hancement in the gain as the ion-channel freque
approaches the wiggler frequency. On the basis of our an
sis, we conclude that a correction factor for their gain f
mula is required. It predicts, for example, that the gain c
occur only in the positive-mass regime.
T.
.
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